Abstract-The algebraic characterization of the singularities of a Stewart platform is usually presented as a 6 × 6 determinant, whose rows correspond to the line coordinates of its legs, equated to zero. This expression can be rewritten in a more amenable way, which is known as the pure condition, as sums and products of 4 × 4 determinants, whose rows correspond to the point coordinates of the leg attachments. Researchers usually rely on one of these two expressions to find the geometric conditions associated with the singularities of a particular Stewart platform. Although both are equivalent, it is advantageous to use either line or point coordinates, depending on the platform topology. In this context, an equivalent expression involving only plane coordinates, i.e., a dual expression to that using point coordinates, seems to be missing. This paper is devoted to its derivation and to show how its use is advantageous in many practical cases, mainly because of its surprising simplicity: It only involves the addition of 4 × 4 determinants whose rows are plane coordinates defined by sets of three attachments.
I. INTRODUCTION
A STEWART platform is a type of parallel robot that incorporates six prismatic actuators, or legs, all of them connected simultaneously to a fixed base and a moving platform through spherical joints, or attachments. It triggered the research on parallel manipulators and continues to be the focus of many research works because, despite its simple geometry, its analysis translates into challenging mathematical problems [1] . One of these problems is to determine the configurations in which the moving platform becomes uncontrollable, i.e., the singularities. Very large joint forces can occur in the neighborhood of a singularity that may even lead to the breakdown of the robot. Although singularities are usually avoided for obvious reasons, being close to them may be useful in some cases. Indeed, as pointed out in [2] , the large amplification factors between the moving platform motion and the actuated joint motion arising in a singularity may be interesting for fine-positioning devices with a very small workspace or to improve the sensitivity along J. Borràs is with the Department of Mechanical Engineering and Materials Science, Yale University, New Haven, CT 06511 USA (e-mail: jborras@ iri.upc.edu).
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some measurement directions when a platform is used as a force sensor [3] . Thus, having the geometric conditions that lead to a singularity greatly simplifies the design phase of a Stewart platform no matter if we want to avoid them or to take advantage of them. It is also worth mentioning that one of the associated problems with the characterization of the singularities of a Stewart platform is the definition of a performance index representing the closeness to the singularities. Unfortunately, no mathematical sound metric measuring this closeness exists [4] . Hence, a certain level of arbitrariness must be accepted in its definition which is alleviated if we support it on a geometric meaningful interpretation. This paper is about the problem of using the best formulation for each Stewart platform instance that provides us with the most simple and straightforward geometric interpretation of its singularities. Different Stewart platform topologies are obtained by coalescing, either on the base or the platform, some of the attachments [5] . Then, a generic Stewart platform is usually referred to as a 6-6 Stewart platform, while, on the other side of the spectrum, a 3-3 platform refers to any of the three possible topologies in which a Stewart platform has three attachments both in the base and in the platform. Although coalescing attachments lead to multiple spherical joints whose implementation is difficult [6] , studying the singularities of all these possible topologies is of great practical relevance because the singularities of 6-6 platforms with some particular arrangements of attachments [7] and the singularities of some three-legged robots can be reduced to study the singularities of some of these topologies [8] , [9] .
From the algebraic point of view, the singularities of a Stewart platform arise when its 6 × 6 inverse Jacobian J (i.e., the matrix that maps the twist of the platform into the velocities of the actuators) is singular, i.e., when its determinant det(J) is equal to 0. Unfortunately, computing this determinant is difficult even with symbolic computation tools [10] , [11] . The advantage of this approach is that once the expression of the determinant is obtained, the locus of singular configurations can be plotted in the workspace. However, the determinant itself is usually a large expression, even for simple topologies, that does not provide insight into the geometric conditions associated with the singularities. Nevertheless, a better understanding of these conditions can be straightforwardly derived from this formulation by using Line Geometry [12] . Since the rows of J are the Plücker vectors of the lines supporting the robot legs, a singularity of J implies a linear dependence between these vectors [13] - [15] , a situation that only occurs if the lines associated with the vectors satisfy particular geometric constraints [16] . The singularity analysis is, thus, reduced to determining conditions on the pose parameters for which these constraints are satisfied, giving geometric information on the singularity variety [17] .
Recently, the use of Grassman-Cayley algebra to study the singularities of Stewart platforms has received a lot of attention [8] , [18] , [19] . Using this algebra, the determinant of the Jacobian equated to zero can be rewritten as an expression known as the pure condition [20] . It is formed by 24 adding terms of three multiplying brackets each. Each bracket is a 4 × 4 determinant whose rows correspond to the homogeneous coordinates of an attachment. Thus, each bracket can be interpreted as the oriented volume of the tetrahedron formed by four attachments. The pure condition is unique up to syzygies, a term borrowed from the literature on classic invariant theory, which refers to the three-term Grassmann-Plücker relations (see [21] for a gentle introduction to these relations). This means that there are different equivalent pure conditions that vary in their number of terms which somewhat complicates things. For those topologies for which any of these equivalent expressions simplifies to a single term, a straightforward geometric interpretation of the singularities is obtained as degeneracies of three tetrahedra whose vertices coincide with attachments. When such simplification cannot be achieved, the geometric interpretation becomes much more complex. The octahedral topology (one of the three possible 3-3 topologies) was analyzed in [18] , where it was shown that its pure condition cannot be simplified to a single term, but a further analysis still using Grassmann-Cayley algebra permitted to characterize its singularity condition as the intersection of four planes. More recently, a similar result has been obtained for six more topologies [22] . In all these cases, the singularities could also be interpreted as degeneracies of tetrahedra with the difference that their vertices are no longer defined by attachments. Instead, the faces of these tetrahedra are defined by sets of three attachments. Thus, some sort of duality seems to surface from these results. This paper deepens on this duality and, as a result, derives a new singularity condition for the generic 6-6 Stewart platform in terms of the latter kind of tetrahedra.
Certainly, there have been other approaches besides the two aforementioned ones to obtain the geometric conditions associated with the singularities. For example, the one presented in [23] is based on a convenient expansion of the determinant of the Jacobian matrix into 3 × 3 minors. The obtained singularity condition has 20 terms, each one being the product of two 3 × 3 determinants, which can be rewritten as triple products. The resulting expression depends on two types of vectors: one representing director vectors of the leg lines and the other moments of these lines. Such an expression is used to obtain the analytical expression of the singularity polynomial of the general Stewart platform and to show one topology for which this expression simplifies to a single term. This paper is organized as follows. First, Section II briefly reviews some basic concepts on the duality of points and planes and introduces the definitions that will be used throughout this paper. Section III briefly reviews the primal form of the pure condition. Section IV introduces the concept of dual form of the pure condition and presents it for the generic 6-6 Stewart platform. Section V discusses the pros and cons of using the pure condition either in its primal or dual form to obtain the geometric interpretation of the singularities of a given topology. Section VI presents two examples. Finally, Section VII summarizes the main results and give prospects for further work. An important effort has been done to make the presentation selfcontained and understandable without any previous knowledge on Grassmann-Caley algebra.
II. NOT(AT)IONS
The location of the 12 center points of the leg attachments of a 6-6 Stewart platform will be represented by a, b, c, . . ., l, as shown in Fig. 1 . Nongeneric Stewart platforms are obtained by making some leg attachments coplanar, aligned, or simply coincident. In what follows, our analysis will only consider coincidences which can be extended to consider colinearities and coplanarities as described in [24] .
To lighten the notation, lowercase Latin letters will represent both points and their position vectors in homogeneous coordinates in a given global reference frame, and lowercase Greek letters, scalars.
As already mentioned in Section I, the singularities of a Stewart platform correspond to those configurations in which the determinant of the Plücker coordinates of its leg lines is zero, i.e., det(J) = 0. Now, without loss of generality, let us suppose that a = α 1 p + α 2 q. That is, the first attachment is known to lie on the line defined by p and q. Then, due to the multilinearity of the Jacobian determinant, det(J) = α 1 det(J| a=p ) + α 2 det(J| a=q ). This property will be useful later.
Since points will be represented by their homogeneous coordinates, i.e., p = (p x , p y , p z , p w ) T , they are considered to belong to the projective space P 3 . Thus, a point in P 3 corresponds to a vector in the standard 4-D vector space V. In P 3 , duality refers to geometric transformations that replace points by planes and planes by points, while preserving incidence properties between the transformed objects [25] . The existence of such transformations leads to a general principle, i.e., the duality principle, which states that any theorem about incidences between points and planes may be transformed into another theorem about planes and points, by the substitution of the appropriate words [26] .
The duality between points and planes is defined by the correspondence c T [27] . According to this definition, the plane that is defined by the three points a, b, and c is given by the dual to the point abc . Then, we also have by duality that the intersection of the dual planes to the points a, b, and c is given by abc [28] .
Observe that the cross-product of three vectors is antisymmetric and distributive over addition, i.e., abc = − bac = bca , and Now, let the set of platform attachments be partitioned in three sets involving a couple of legs each:
The Stewart bracket p, q, r , where p ∈ A, q ∈ B, and r ∈ C, is defined as the bracket of the dual points to the four planes defined by the points in the sets A \ {p}, B \ {q}, C \ {r}, and {p, q, r}. To avoid ambiguities, points will always be sorted in lexicographic order in all operations.
For example, according to the definition mentioned previously
Observe that the total number of Stewart brackets for the partition of the set of attachments given by A, B, and C is 64, and the total number of possible partitions is 15.
III. PRIMAL FORM OF THE PURE CONDITION

Theorem 1 (Primal Form of the Pure Condition):
The determinant of the geometric Jacobian of a Stewart platform with the labeling of attachments shown in Fig. 1 
Proof: See [8] .
As mentioned in Section I, the primal form of the pure condition is unique up to syzygies. This means that there are different equivalent pure conditions that might vary in their number of terms. Up to our knowledge, the 16-term pure condition presented in [18] is the one with the lowest number of terms. The one given above has 24 terms but, although it is not the shortest one, it usually leads to the simplest results when applied to platforms with coincident attachments. Proof: After some algebraic manipulations, this result follows from the analysis for this topology presented in [22] .
IV. DUAL FORM OF THE PURE CONDITION
Note that the condition in the aforementioned Lemma can be expressed, using Stewart brackets, simply as aei = 0, after setting c = a, g = e, and k = i. Proof: After some algebraic manipulations, this result follows from the analysis for this topology presented in [22] .
Using Stewart brackets, the condition in the aforementioned Lemma can be simply expressed as aej = 0, after setting c = a, g = e, and l = j.
Theorem 2 (Dual Form of the Pure Condition):
The determinant of the geometric Jacobian of a Stewart platform with the labeling of attachments shown in Fig. 1 can be expressed as
Proof: The proof of this theorem can be graphically summarized as indicated in Fig. 2 . Starting from the dual pure conditions for the topologies in the top row, the dual pure condition for the generic 6-6 Stewart platform is obtained.
Using Lemmas 1 and 2, the dual pure conditions of the following two topologies:
and
respectively. Now, let q 1 and q 2 be collinear with i and k, and with j and l, respectively, i.e.,
and 
Left-hand side of (5) Fig. 2 . Sequence of generalizations used to prove Theorem 2.
On the other hand, using the multilinearity property of the Jacobian determinants for the aforementioned two topologies, we also have that 
Now, equating the right-hand sides of (8) and (11), we get
and equating the right-hand sides of (9) and (12), we get
Using Stewart brackets, after setting c = a and g = e, the aforementioned two equations can be written as follows:
This linear system, when solved for ℘ 4 and ℘ 5 , yields
Proceeding in a similar way from the pure conditions in dual form of the topologies ( ) and ( ), it is obtained that of ( ). Likewise, the pure conditions in dual form of ( ) and ( ) can be used to obtain that of ( ). The obtained expression, by simply renaming labels, also leads to the dual pure condition of ( ). Then, the pure conditions for the last two topologies can be used to finally obtain the general dual pure condition in equation (5) .
Corollary 1: The dual pure condition is the result of equating to zero the addition of all different Stewart brackets that can be formed for the partition of the set of attachments given by A, B, and C. If A, B, and C are chosen so that they involve different couples of legs, a different but equivalent condition with the same number of terms is obtained. Thus, there are 15 equivalent pure conditions in dual form with the same number of terms.
Analogously to what happened to the pure condition in primal form, applying the dual pure condition to platforms where some of the attachments coincide leads to simplifications. In all cases, the appropriate pure condition must be chosen, from all possible equivalent pure conditions, to obtain the maximum simplification. The situation is quite complicated when dealing with the pure condition in primal form because this involves the use of syzygies. Nevertheless, when dealing with the pure condition in dual form, this task is simplified because the number of equivalent conditions is 15. As a general rule, it is advisable to minimize the number of legs sharing one attachment that appear in different partitions of the set of attachments.
V. CHOICE OF PRIMAL VERSUS DUAL
In Table I in primal nor in dual form, simplify. This family can be further subdivided into two sets: a) A set of nine topologies whose dual pure condition contains four terms. In all these cases, two planes are common to all four terms which simplify the geometric interpretation of their singularities. This represents an important family of platforms which, thanks to the derived pure condition in dual form, can be treated in a unified way. The first example in the next section analyzes one of these topologies. The same analysis is valid for all other members of this set. b) A set of three topologies (see the last row in Table I) whose dual pure condition contains more than four terms. While the analysis, using the pure condition in its primal form, of these topologies seems to require a case-by-case treatment, the use of the dual form permits a unified analysis which becomes evident after analyzing the set of topologies. This is discussed at the end of the next section. A particular set of seven different topologies, with common geometric interpretation for their singularities, was analyzed in [29] using Grassmann-Cayley algebra. It can be checked that this set is a subfamily of the nine topologies whose pure condition in dual form has four terms and that we have just identified. Fig. 3 . The 4-6 Stewart platform and coordinates of the base and platform attachments in their local reference frames. The two coincident attachments on the moving platform can be implemented using double gimbals, as explained in [30] .
VI. EXAMPLES: SINGULARITY ANALYSIS OF TWO 4-6 STEWART PLATFORMS
Consider the Stewart platform in Fig. 3 . It has the following topology:
According to Table I , the primal pure condition for this topology can be expressed as
This topology was analyzed in [29] , where it was shown that (13), after nontrivial manipulations using syzygies, reduces to
where p and q are points on the line given by the intersection of the planes abd and ef h.
This topology was also studied in [31] where the singularity condition was expressed as the addition of four terms, each of them being the product of two 3 × 3 determinants, which can be rewritten in terms of dot and cross products of several vectors related to the geometry of the robot and then to the eigenvectors of a certain matrix. Now, as an alternative to the above formulations, we can directly use the pure condition in dual form. According to Table I , it can be expressed as
which can be rewritten as
or, equivalently, as also represent two points/planes. Then, the analyzed platform will be in a singularity if point r 1 lies on the plane defined by p 1 or, equivalently, if point r 2 lies on plane p 3 . Then, the singularity condition can be simply expressed as r 1 · p 1 = 0 or, equivalently, as r 2 · p 3 = 0. Moreover, observe that by construction, r 1 · p 3 = 0 and r 2 · p 1 = 0. Then, it can be concluded that the analyzed robot is in a singularity if, and only if, both r 1 and r 2 lie simultaneously on p 1 and p 3 .
Note that if any of the planes defined in (15) is degenerate, it gives a null vector, but (14) is still well defined. If p 1 or p 3 are null vectors (i.e., if a, b, and d, or d, f , and h are aligned), the manipulator will be in a singularity. The degeneracy of any other plane in (15) does not imply that the condition (14) is satisfied.
To get some practical insight, let us suppose that the coordinates of the attachments for the analyzed robot, in their local reference frames, are the ones in Fig. 3 . Let us also suppose that the orientation of the moving platform with respect to be base is fixed to be Rot(z, T and, similarly, for the other platform attachments. Then, the moving platform is only allowed to translate, and 
Now, it can be verified, using a computer algebra system, that det(J) = As explained previously, r 1 and r 2 lie, by construction, on planes p 3 and p 1 , respectively, but if r 1 also lies on p 3 or, equivalently, r 2 on p 1 , the robot is in a singularity. This is the situation depicted in Fig. 4 .
The aforementioned analysis can be extended to the nine topologies whose dual pure condition contains four terms because, in all these cases, two planes are common to all four terms. Here, we have chosen this topology, over the other two in the same set of topologies identified in the previous section, because it corresponds to the decoupled Stewart platform. Indeed, three prismatic actuators control the location of point where three attachments coincide, which can be seen as the center of the robot, and the other three control the orientation of the moving platform. Thus, if the first three actuators are blocked, we can regard the result as a parallel spherical robot where two pyramidlike rigid bodies are connected together by a spherical pair at the common apex.
The forward kinematics of this robot was first solved by Innocenti and Parenti-Castelli [32] , and Wohlhart [33] . Alici and Shirinzadeh presented a method based on the determinant of the Jacobian to plot the singularity locus in terms of the moving platform orientation using Euler angles [34] . Later, Ben-Horin and Shoham found a compact singularity condition for this robot using Grassmann-Cayley algebra [35] .
According to Then, although these dual pure conditions have more than four terms, they all have one plane as a common factor. Thus, the singularities of this robot can also be geometrically interpreted as the incidence of a point with a plane. This point is the result of dualizing a plane resulting from adding 12 planes defined by sets of three attachments, instead of only four planes, as in the previous example.
Alternatively, according to This condition is more compact and easy to interpret geometrically than (16) because it factors into two terms that can be analyzed independently. Observe that the condition [abdf ] = 0 corresponds to the singularities of the translational part of the robot. The other term can be simplified using Grassman-Cayley algebra (see [35] for details) but, using the concepts that are introduced in this paper as an alternative, we can rewrite it as This condition constitutes a new convenient alternative to the one derived in [35] as it can be readily interpreted geometrically using no other tools than standard vector algebra. Then, although the singularity analysis of the topologies in the last row of Table I can be unified using the dual pure condition, its case-bycase treatment based on the primal pure condition still seems advantageous mainly when it is combined with the concepts introduced in this paper.
VII. CONCLUSION
We have presented a new singularity condition for the generic 6-6 Stewart platform as a linear combination of 4 × 4 determinants involving plane coordinates, which has been called pure condition in dual form. This expression has been proved to be of interest to obtain geometric interpretations of the singularity conditions.
Finally, it is worth realizing that the pure condition, either in its primal or dual forms, can be applied to any parallel manipulator with line-based singularities, which is a type of manipulator that was first characterized in [36] . This fact has been used in [9] to analyze lower mobility platforms with three legs, first by using screw algebra to obtain the governing lines and then applying the pure condition in its primal form to the result. The interest of using the dual form of the pure condition instead is certainly a point that deserves further attention. In our opinion, this might lead to a generalization of the results presented in [37] . 
